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Abstract
The aim of the present article is to give some general methods in
the ﬁxed point theory for mappings of general topological spaces. Us-
ing the notions of the multi-metric space and of the E-metric space, we
proved the analogous of several classical theorems: Banach ﬁxed point
principle, Theorems of Edelstein, Meyers, Janos etc.
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1 Introduction
Any space is considered to be Tychonoﬀ and non-empty. We use the termi-
nology from [12, 13].
Let R be the space of real numbers.
A pseudo-metric on a set X is a function  : X  X !R satisfying the fol-
lowing conditions: (x;x)=0, (x;y)=(y;x) and (x;z)(x;y)+(y;z) for
all x;y;z 2 X. The number (x;y) is called the -distance between the points x;y.
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For any x;y 2 X we have (x;y)  0. If A  B; B  X; x 2 X
and r  0, then (A;B) = inff(x;y) : x 2 A;y 2 Bg and B(x;;r) = fy 2
X : (x;y) < rg.
The pseudo-metric  generates on X the canonical equivalence relation:
x  y iﬀ (x;y) = 0. Let X= be the quotient set with the canonical
projection  : X  ! X= and the metric  (u;v) = ( 1
 (u); 1
 (v)):
Deﬁnition 1.1. A multi-metric space is a pair (X;P), where X is a set
and P is a non-empty family of pseudo-metrics on X satisfying the condition:
x = y if and only if (x;y) = 0 for each  2 P.
Fix a multi-metric space (X;P). A subset U  X is called P-open
if for any x 2 U there exist a number  = (x;U) > 0 and a ﬁnite set
A = A(x;U)  P such that B(x;A;) = \fB(x;;) :  2 Ag  U. The
family T (P) of all P-open subsets is a completely regular Hausdorﬀ topology
on X. If T is a completely regular Hausdorﬀ topology on X, then T = T (P)
for some family P of pseudo-metrics on X (see [12]).
A P-number is the set P = ( :  2 P), where  2 R for any  2 P.
If ; 2 R and P = ( :  2 P) is a P-number, then   P   if
   <  for any  2 P.
In [1, 2, 3] there were introduced the metric spaces over topological semi-
ﬁelds. The general conception of the metrizability of spaces is contained in
[21]. Every multi-metric space can be considered as a metric space (X;d;RP),
where d(x;y) = ((x;y) :  2 P) for all x;y 2 X, over the Tichonoﬀ semiﬁeld
RP (see [1, 2, 3]).
The notion of a topological semiﬁeld may be generalized in the following
way. We say that E is a metric scale or, brieﬂy, an m-scale if:
1. E is a topological algebra over the ﬁeld of reals R;
2. E is a commutative ring with the unit 1 6= 0;
3. E is a vector lattice and 0  xy provided 0  x and 0  y;
4. For any neighborhood U of 0 in E there exists a neighborhood V of 0
in E such that if x 2 V and 0  y  x, then y 2 U.
From the condition 4 it follows:
5. If 0  yn  xn and limn!1xn = 0, then limn!1yn = 0 too.
Any topological semiﬁeld is an m-scale.
Let E be an m-scale.
Denote by E 1 = fx : x  y = 1 for some y 2 Eg the set of all invertible
elements of E.
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We consider that 0  x  1 if 0  x < 1, 1   x is invertible and
limn!1xn = 0. We put E(+;1) = fx 2 E : 0  x  1g. If t 2 R and
0  t < 1, then t  1 2 E(+;1). We identify t with t  1 2 E for each t 2 R.
A mapping d : X  X  ! E is called a metric over m-scale E or an
E-metric if it is satisfying the following axioms of the metric:
- d(x;y) = 0 if and only if x = y;
- d(x;y) = d(y;x);
- d(x;y)  d(x;z) + d(yz;y).
Every E-metric is non-negative, i.e. d(x;y)  0 for all x;y 2 X.
The ordered triple (X;d;E) is called a metric space over m-scale E or
an E-metric space if d is an E-metric on X.
Let (X;d;E) be an E-metric space. If U 2 N(0;E), then we put
B(x;d;U) = fy 2 X : d(x;y) 2 Ug for any x 2 X. The family fB(x;d;U) :
x 2 X;U 2 N(0;E)g is the base of the topology T (d) of the E-metric space.
The space (X;T (d)) is a Tychonoﬀ space.
Let X be a space and f : X  ! X be a mapping. By Fix(f) = fx 2
X : f(x) = xg we denote the set of all ﬁxed points of the mapping f. The
excellence book [13] contains the ﬁxed point theory for metric spaces with the
important applications in distinct domains. Several results for general topo-
logical spaces with interesting applications contain the surveys [13, 17, 23].
Distinct generalizations of the Banach ﬁxed point principle were proposed in
[6, 11, 13, 17, 23, 26]. In [24] it was arisen the following general problem: to
ﬁnd topological analogies of the Banach ﬁxed point principle. Some solutions
of this problem were proposed in [8, 25]. This article is a continuation of the
works [8, 24, 25, 16].
Deﬁnition 1.2 (see [13]). Let X be a space and M be a class of mappings
f : X  ! X. If Fix(f) 6= ? for each f 2 M, then X is called a ﬁxed point
space relative to M.
If X is a ﬁxed point space relative to all continuous mappings f : X  !
X, then X is called a ﬁxed point space.
For each family  of subsets of a set X and any x 2 X the set St(x;) =
[fU 2  : x 2 Ug is the star of the point x relative to . We put St(A;) =
[fSt(x;) : x 2 Ag.
Theorem 1.3 (see [13], Theorem 0.4.4, for a compact metric space X).
For a compact space X the following assertions are equivalent:
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2. There exists a family P of continuous pseudo-metrics on X such that:
- for any two pseudo-metrics 1;2 2 P there exists  2 P such that
supf1(x;y);2(x;y)g  (x;y) for all x;y 2 X;
- T (P) is the topology of the space X;
- for any  2 P and  > 0 there exist a compact ﬁxed point subspace
X(;) of X and two continuous mappings (;) : X  ! X(;) and (;) :
X(;)  ! X such that (x;(;)((;)(x))) <  for any x 2 X.
3. There exists a family U of open covers of X such that:
- for any open cover  of X there exists a reﬁnement  2 U of ;
- for any  2 U there exist a compact ﬁxed point subspace X of X and
two continuous mappings  : X  ! X and  : X  ! X such that
((x)) 2 St(x;) for any x 2 X.
Proof. Since any compact space has a unique uniform structure and any
uniform structure is generated by a family of continuous pseudometrics, the
assertions 2 and 3 are equivalent.
If X is a ﬁxed point space, then we put X = X = X(;) and consider
that ;;(;);(;) are the identical mapping. Thus the implications
1 ! 2 and 1 ! 3 are obvious.
Assume that the assertion 3 is true. If ; 2 U and  is a reﬁnement
of , then we put   . Fix a continuous mapping f : X  ! X. We put
g =   f   : X  ! X and f =     f : X  ! X for any
 2 U. Since X is a ﬁxed point space, then we can ﬁx a point z 2 X
such that g(z) = z. We put x = (z). Obviously, f(x) = x and
f(x) 2 St(x;).
The set U is directed. Thus fx :  2 Ug is a net in the space X. Since
X is a compact space, the net fx :  2 Ug has a cluster point x0, i.e. for
each neighborhood V of the point x0 in X and any  2 U there exists  2 U
such that    and x 2 V (see [12], Theorem 3.1.23).
We aﬃrm that f(x0) = x0.
Assume that f(x0) 6= x0. Since f is a continuous mapping, there exist
 2 U and an open subset V of X such that St(x0;)  V , St(V;) \
St(f(x0);) = ? and f(St(V;)) \ St(f(x0);). By construction, f(x) 62
St(V;) for any x 2 St(V;).
There exists  2 U such that    and x 2 St(x0;)  V . By
construction, x 2 V , f(x) 2 St(x;)  St(V;) and f(x) 2 St(V;), a
contradiction with the condition that f(x) 62 St(V;) for any x 2 St(V;).
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As Theorem 0.4.5 from ([13], p. 8), using Tychonoﬀ cube IA, one can
prove the next assertion.
Theorem 1.4. Let f;X ! X be a continuous mapping and there exist a
compact absolute retract space Y and the continuous mapping  : X  ! Y ,
 : Y  ! X such that f =   . Then f has a ﬁxed point.
2 Complete multi-metric spaces
Fix an m-scale E and an E-metric space (X;d;E).
A set fx :  2 Mg is a net or a generalized sequence if M is a directed
set.
A point x 2 X is a limit of the net fx :  2 Mg and we put limm2Mx =
x if for any U 2 N(0;E) there exists  2 M such that d(x;x) 2 U for any
  .
A net fx :  2 Mg is called fundamental if for any U 2 N(0;E) there
exists  2 M such that d(x;x) 2 U for any ;  . Any convergent net
is fundamental. The limit of a fundamental sequence is unique (if the limit
exists).
The space (X;d;E) is called complete if any fundamental net is convergent
(see [12, 1, 2, 3]).
The space (X;d;E) is called sequentially complete if any fundamental
sequence fxn 2 X : n 2 Ng is convergent.
Let fx :  2 Mg be a net and U 2 N(0;E). We assume that x 2
L(U;fx :  2 Mg) if there exists  2 M such that d(x;x) 2 U for any
  .
The space (X;d;E) is called conditionally complete if \fL(U;fxn : n 2
Ng) : U 2 g 6= ? for any fundamental sequence fxn 2 X : n 2 Ng and any
countable non-empty family   N(0;E).
Any complete metric space is sequentially complete and any sequentially
complete space is conditionally complete.
Example 2.1. Let (X;d;E) be an E-metric space. On X consider
the topology T (d). Assume that the space X is pseudocompact. Then the
metric space (X;d;E) is conditionally complete. If the space X is count-
ably compact, then the metric space (X;d;E) is sequentially complete. The
space (X;d;E) is complete if and only if the space X is compact. Thus if
X is a countably compact non-compact space, then the space (X;d;E) is
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Example 2.2. Let A be an uncountable set. We put I = I = [0;1] for
any  2 A. Let Y = IA = fI :  2 Ag, 0A = (0 :  2 A) 2 Y and
X = Y n f0Ag. The space E = RA is a topological ﬁeld and an m-scale.
By construction, X  IA  E. We put d(x;y) = (jx   yj :  2 A) and
d(x;y) = jx   yj for any pair of points x = (x :  2 A) 2 Y and
x = (x :  2 A) 2 Y . Let P = fd :  2 Ag. Then (X;d;E) is an E-metric
space and (X;P) is a multi-metric space.
Obviously, T (d) = T (P). The space Y is compact and the space X
is pseudocompact. Thus the spaces (X;d;E) and (X;P) are conditionally
complete. We put xn = (2 n
 :  2 A). Then fxn : n 2 Ng is a fundamental
sequence. We have limPxn = 0A. Thus the spaces (X;d;E) and (X;P) are
not sequentially complete. In particular, the spaces (X;d;E) and (X;P) are
not complete.
Remark 2.3. Let (X;d;E) be an E-metric space and the space E be
ﬁrst countable, i.e. it is metrizable in the usual sense. Then the space X
is metrizable in the usual sense too. Moreover, if the space (X;d;E) is
conditionally complete, then the space (X;d;E) is complete.
Remark 2.4. Let (X;d;E) be an E-metric space and X be an inﬁnite
extremally disconnected countably compact space. Then each fundamental
sequence fxn : n 2 Ng is trivial, i.e. there exists m 2 N such that xn = xm
for any n  m.
Now we ﬁx a multi-metric space (X;P).
In this case we put E = RP and d(x;y) = ((x;y) :  2 P) for any
x;y 2 X. Obviously, (X;d;E) is an E-metric space and T (d) = T (P).
A sequence fxn 2 X : n 2 N = f1;2;:::gg is called -fundamental, where
 2 P, if for any  > 0 there exists m 2 N such that (xn;xk) <  for
all n;k  m. A point x 2 X is a -limit of the sequence fxn : n 2 Ng if
lim(x;xn) = 0. Let L(fxn : n 2 Ng;) = fx 2 X : lim(x;xn) = 0g: A
sequence fxn 2 X : n 2 Ng is fundamental if and only if it is -fundamental
for any  2 P.
Obviously, the space (X;P) is conditionally complete if and only if \fL(fxn :
n 2 Ng;) :  2 Fg 6= ? for any countable family F  P and any funda-
mental sequence fxn : n 2 Ng.
There exists a canonical embedding eP : X  ! fX= :  2 Pg, where
eP(x) = ((x) :  2 P). If (Y;  ) is the Hausdorﬀ completion of the metric
space (X=;  ) and the subspace eP(X) is closed in fY :  2 Pg, then
(X;P) is a complete multi-metric space.52 Mitrofan M. Choban, Laurenţiu I. Calmuţchi
Obviously, a multi-metric space (X;P) is a complete multi-metric space
if and only if the E-metric space (X;d;E) is complete.
3 Banach ﬁxed point theorem for E-metric spaces
Fix an m-scale E.
Let (X;d;E) be an E-metric space.
A mapping f : X  ! X is a contractive mapping if there exists an
element k 2 E(+;1) such that d(f(x);f(y))  kd(x;y) for all x;y 2 X. The
element k is called the Lipschitz constant of the mapping f. Every contractive
mapping is uniformly continuous.
For any mapping f : X  ! X and any point x 2 X we put 0(x;f) = x
and n(x;f) = f((n 1)(x;f)) for any n 2 N. We put ! = f0;1;2;:::g. Then
the set T(f;x) = fn(x;f) : n 2 !g is the Picard orbit of the point x relative
to the mapping f.
Theorem 3.1. Let f : X  ! X be a contractive mapping with the
Lipschitz constant k 2 E(+;1). Then for each point x 2 X the Picard orbit
T(f;x) = fn(x;f) : n 2 !g is a fundamental sequence of the metric space
(X;d;E).
Proof. Fix x = x0. We put xn = f(xn 1) for any n 2 N.
There exists b 2 E such that b  (1   k) = 1.
Then d(xn;xn+1) = d(f(xn 1);f(xn))  k  d(xn 1;xn) for any n 2 N.
Hence d(xn;xn+1)  kn  d(x0;x1) for any n 2 N. Obviously, d(xn;xm) 
d(xn;xn+1 + ::: + d(xm 1;xm)  (kn + kn+1 + ::: + km 1 + km)  d(x0;x1).
Therefore d(xn;xm)  (kn   kn+m)  b  d(x0;x1) provided n;m 2 N and
n  m. Since limn!1kn = 0, the sequence fxn : n 2 !g is fundamental.
The proof is complete.
Corollary 3.2. Let (X;d;E) be a sequentially complete E-metric space
and f : X  ! Y be a contraction mapping with the Lipschitz constant k 2
E(+;1). Then the mapping f admits one and only one ﬁxed point b 2 X.
Moreover, b = limn!1n(x;f) for any point x 2 X.
Remark 3.3. For a topological semiﬁeld E the assertion of Corollary
3.2 was proved by K.Iseki in [16].Fixed points theorems in multi-metric spaces 53
4 Banach ﬁxed point theorem for a multi-metric
space
Let (X;P) be a multi-metric space.
A mapping f : X  ! X is a Lipschitz mapping if there exists a P-number
k = (k :  2 P) such that (f(x);f(y))  k for all x;y 2 X and  2 P.
The P-number k is called the Lipschitz constant of the mapping f. Every
Lipschitz mapping is uniformly continuous.
A mapping f : X  ! X is called a contraction mapping on (X;P) if
there exists a non-negative P-number k = (k :  2 P)  1 such that
(f(x);f(y))  k(x;y) for all x;y 2 X and  2 P.
Theorem 4.1. Let (X;P) be a sequentially complete multi-metric space
and f : X  ! Y be a contraction mapping on (X;P). Then the mapping f
admits one and only one ﬁxed point b 2 X.
Proof. Let f : X  ! X be a mapping. Then Fix(f) = fx 2 X : f(x) =
xg is the set of all ﬁxed points of the mapping f.
Suppose that f is a contraction mapping with the Lipschitz constant
k = (k :  2 P)  1, i.e. o  k < 1 for any  2 P.
We put E = RP and d(x;y) = ((x;y) :  2 P) for any x;y 2 X.
Obviously, (X;d;E) is a sequentially complete E-metric space and f is a
contraction mapping with the Lipschitz constant k 2 E(+;1). Corollary 3.2
completes the proof.
5 Representations of mappings of multi-metric
spaces
Let (X;P) be a multi-metric space and the set P be non-empty.
We say that a mapping f : X  ! X admits a pointwise identiﬁcation if
there exists a family of non-negative functions f'(f;); (f;) : X X  ! R :
 2 Pg such that '(f;)(x;y)(x;y)  (f(x);f(y))   (f;)(x;y)(x;y) for
all x;y 2 X and  2 P. The functions f'(f;); (f;) : X X  ! R :  2 Pg
are called the pointwise identiﬁcation functions of the mapping f.
Theorem 5.1. Let (X;P) be a multi-metric space and f : X  ! X
be a mapping with the pointwise identiﬁcation functions f'(f;); (f;) : X 
X  ! R :  2 Pg. Then for any  2 P there exists a mapping f :
X=  ! X= such that (f(x)) = f((x)) and '(f;)(x;y)  (x;y) 
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Proof. Fix u;v 2 X=. Let x;y 2  1(u). Then (x;y) = 0 and
0  (f(x); f(y))   (f;)(x;y)(x;y) = 0. Hence f( 1
 (u)) is a singleton
and we put f(u) = (f( 1(u))). The mapping f : X=  ! X= is well
deﬁned. The proof is complete.
Theorem 5.2. Let (X;P) be a sequentially complete multi-metric space,
f : X  ! X be a mapping and for any  2 P there exists a non-negative
number k 6= 1 such that:
1. If k < 1, then (f(x);f(y))  k  (x;y) for all x;y 2 X.
2. If k > 1, then (f(x);f(y))  k  (x;y) for all x;y 2 X.
Then the mapping f admits one and only one ﬁxed point b 2 X.
Proof. By virtue of Theorem 5.1, for any  2 P there exists a mapping
f : X=  ! X= such that:
1. If k < 1, then  (f(x);f(y))  k   (x;y) for all x;y 2 X=.
2. If k > 1, then  (f(x);f(y))  k   (x;y) for all x;y 2 X=.
3. (f(x)) = f((x)) for any x 2 X.
We put q = k and C(f;)(x) = f(x) for any x 2 X= if k < 1. If k > 1,
then for the mapping f there exists the inverse mapping C(f;) = f 1
 and
we put q = 1=k. Let Cf(x) = (C(f;)((x)) :  2 P) for any x 2 X. By
construction, Cf is a contraction of the multi-metric space (X;P) with the
constant q = (q :  2 P)  1. By virtue of Theorem 4.1, there exists a
unique ﬁxed point for Cf. Since Fix(f) = Fix(Cf), the proof is complete.
Theorem 5.3. Let (X;P) be a multi-metric space, P = f :  2 Ag
and f : X  ! Y be a contraction mapping. Then for any number q 2 (0;1)
there exists a family of pseudo-metrics D = fd :  2 Ag such that:
1. d(f(x);f(y))  q  d(x;y) for all  2 A and x;y 2 X.
2. T (d) = T () for any  2 A.
3. T (D) = T (P).
4. If the space (X;P) is complete, then the space (X;D) is complete too.
5. If the space (X;P) is sequentially complete, then the space (X;D) is
sequentially complete too.
Proof. Fix  2 A. Consider the projection  : X  ! X= of
(X;) onto the metric space (X=;  ) and the mapping f : X=  !
X=, where f((x)) = (f(x)) and (x;y) =  ((x);(y)) for all
x;y 2 X. Denote by (X;r) the Hausdorﬀ completion of the metric space
(X=;  ). Since f is a contraction, there exist a positive number k < 1
and a continuous extension g : X  ! X of the mapping f such that
r(g(x);g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theorem [19], there exists a complete metric h on X such that T (r) =
T (h) and h(g(x);g(y))  q  h(x;y) for all x;y 2 X. Now we put
d(x;y) = h((x);(y)) for all x;y 2 X. The proof is complete.
Theorem 5.4. Let f : X  ! X be a mapping of a pseudocompact space
X into itself. The following assertions are equivalent:
1. For any positive number q < 1 there exists a family of pseudo-metrics
D such that T = T (D) is the topology of the space X and d(f(x);f(y)) <
q  d(x;y) for all  2 D and x;y 2 X.
2. There exists a family of pseudo-metrics P such that T = T (P) is
the topology of the space X and (f(x);f(y)) < (x;y) for all  2 P and
x;y 2 X.
Proof. The implication 1 ! 2 is obvious.
Assume that there exists a family of pseudo-metrics P such that T =
T (P) is the topology of the space X and (f(x);f(y)) < (x;y) for all
 2 P and x;y 2 X. Fix  2 P. Consider the projection  : X  ! X=
of (X;) onto the metric space (X=;  ) and the mapping f : X=  ! X=,
where f((x)) = (f(x)) and (x;y) =  (f(x);f(y)) for all x;y 2 X. By
construction, X= is a compact metric space and  (f(x);f(y)) <  (x;y) for
all x;y 2 X=. Suppose that for any n 2 ! there exists xn;yn 2 X such that
(f(xn);f(yn)  (1   2 n)(x:y). Since X= is a metrizable compact space,
there exist an inﬁnite subset L  !, an inﬁnite subset M  L and two points
x;y 2 X such that:
- (x) is the limit of the subsequence f(xn) : n 2 Lg and (x;xn) <
2 n for any n 2 L;
- (y) is the limit of the subsequence f(yn) : n 2 Mg and (y;yn) <
2 n for any n 2 M.
There exists m 2 ! such that 2 m+2 < (x;y)   (f(x);f(y)). By
construction, (f(x);f(y)) = lim(f(xn);f(yn)) = lim(xn;yn) = (x;y), a
contradiction. Thus there exists a number k < 1 such that (f(x);f(y)) 
(x;y) for all x;y 2 X. Theorem 5.3 completes the proof.
The next assertion for compact metric spaces was proved by V.Niemytzki
(see [22, 17]) in 1936.
Corollary 5.5. Let (X;P) be a countably compact multi-metric space,
f : X  ! X be a mapping and (f(x);f(y)) < (x;y) for all  2 P and
x;y 2 X. Then the mapping f admits one and only one ﬁxed point b 2 X.
The next assertion for compact metric spaces was proved by L.Janos
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Theorem 5.6. Let f : X  ! X be a continuous mapping of a compact
space X into itself. The following assertions are equivalent:
1. If X0 = X and Xn+1 = f(Xn) for any n 2 !, then \fXn : n 2 !g is
a singleton.
2. For any positive number q < 1 there exists a family of pseudo-metrics
D such that T = T (D) is the topology of the space X and d(f(x);f(y)) <
q  d(x;y) for all  2 D and x;y 2 X.
3. There exists a family of pseudo-metrics P such that T = T (P) is
the topology of the space X and (f(x);f(y)) < (x;y) for all  2 P and
x;y 2 X.
Proof. The implications 2 ! 3 and 2 ! 1 are obvious. The implication
3 ! 2 follows from Theorem 5.4.
Claim 1. Let d be a continuous pseudo-metric on X, Yn = d(Xn) and
d(f(x), f(y)) = 0 provided d(x;y) = 0. Then on X=d there exists a metric
h such that:
- the metrics h and  d are equivalent on X=d;
- h(d(f(x));d(f(y)))  q  h(d(x);d(y)) for all x;y 2 X.
There exists a continuous mapping fd : X=d  ! X=d such that fd(d(x)) =
d(f(x)) for any x 2 X. By construction, fd(Yn) = Yn+1 and Y0 = X=d. As-
sume that x;y 2 X, d(x) 6= d(y) and d(x);d(y) 2 \fYn : n 2 !g. Since
\fYn : n 2 !g = fbg is a singleton, we can consider that d(b) 6= d(y). From
d(y) 2 \fYn : n 2 !g it follows that  1
d (d(y)) \ (\fYn : n 2 !g) 6= ?, a
contradiction. Thus \fYn : n 2 !g is a singleton and X=d is a metrizable
compact space. The L.Janos’ theorem (see [18, 17]) completes the proof of
the Claim 1.
Claim 2. There exists a family of pseudo-metrics P such that T = T (P) is
the topology of the space X and (f(x);f(y)) = 0 provided  2 P, x;y 2 X
and (x;y) = 0.
Fix a continuous function g : X ! I = [0;1]. We put g0 = g and
gn+1(x) = gn(f(x)) for all n 2 ! and x 2 X.
Consider the mapping g : X  ! Yg  I!, where g(x) = (gn(x) : n 2 !)
and Yg = g(X). On the metrizable compact space Yg ﬁx some metric
dg. Let g(x;y) = dg(g(x);g(y)). By construction, if g(x;y) = 0, then
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Since gn+1(z) = gn(f(z)), we have that gn(f(x)) = gn(f(y)) for any n 2 !.
Thus g(f(x);f(y)) = 0 too.
If F is a family of continuous functions which separates the points of X,
then P = fg : g 2 Fg is the desired family of pseudo-metrics. Claim 2 is
proved. The implication 1 ! 2 is proved too. The proof is complete.
The using of this construction has some obstacles.
In the ﬁrst, the space (X;P) may be not sequentially complete. In the
second, the space (X;P) may be complete and each space (X=; ^ ) may be
non-complete.
Example 5.7. Let In = [0;1] for any n 2 N. We put X = fx = (xn 2
In : n 2 N) the set fn 2 N : xn 6= 0g is ﬁniteg. Assume that X is a subspace
of the metrizable compact space IN = fIn : n 2 Ng. If x = (xn : n 2 N)
and y = (yn : n 2 N), then we put n(x;y) =j xn   yn j. Then the pseudo-
metrics P = fn : n 2 Ng generates the topology of the space X. Thus
(X;P) is a metrizable multi-metric space. For any x = (xn : n 2 N) we put
f(x) = ((1 2 n)xn : n 2 N). Then f : X  ! X is a contraction of the multi-
metric space (X;P) with the coeﬃcient k = (kn = 1   2 n : n 2 N)  1.
If 0 = (0 2 In : n 2 N) the f(0) = 0 and 0 is the unique ﬁxed point of
the mapping f. The space (X;P) is not sequentially complete and the space
X= = In is compact for any n 2 N.
Remark 5.8. A space X is called a sequential space if a set F  X is
closed if and only if it contains the limit of any sequence fxn 2 F : n 2 !g.
In a sequential space X any countably compact subset F is closed. There-
fore, the assertions 1 - 3 from Theorem 5.6 are equivalent for any countably
compact sequential space X.
Remark 5.9. In a ﬁrst countable space X any pseudocompact subset
F is closed. Therefore, the assertions 1 - 3 from Theorem 5.6 are equivalent
for any pseudocompact ﬁrst countable space X and a mapping f for which
Fix(f) 6= ?.
Example 5.10. Let Q be the space of all rational numbers. Denote
by P1 the family of all continuous pseudo-metrics on Q. Then (Q;P1) is a
complete multi-metric space and T (P1) coincides with the topology of the
space Q. Let X = R  Q. For any  2 P1 we put d((x1;t1);(x2;t2)) =
jx1   x2j + jt1   t2j + (t1;t2). Then d is a continuous metric on X. If
P = fd :  2 P1g, then (X;P) is a complete multi-metric space and T (P)
coincides with the topology of the space X. The metric d generates on
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(X=d; ^ d) is not complete for any d 2 P and (X;P) is a complete multi-metric
space. If f(x;t) = (2 1x;0), then f : X  ! X is a contraction with the
coeﬃcient k = (kd = 2 1 : d 2 P) = 2 1. Moreover, any contraction of the
multi-metric space (X;P) and (Q;P1) admits one and only one ﬁxed point.
Remark 5.11. Let (X;P) be a sequentially complete multi-metric space.
If the set P is ﬁnite, then we put d(x;y) = supf(x;y) :  2 Pg for any
x;y 2 X. The metric d generate the topology of X and (X;d) is a complete
metric space. If f : X  ! X is a contraction of the multi-metric space
(X;P) with the coeﬃcient (k :  2 P) < 1, then f is a contraction of the
metric space (X;d) with the coeﬃcient k = supfk :  2 Pg < 1. If the set
P = fn : n 2 Ng is countable and the space (X;P) is sequentially complete,
then the space X is complete metrizable.
Question 5.12. Let (X;P) be a sequentially complete multi-metric space,
the set P be countable and f : X  ! X be a contraction. Under which
conditions on X there exists a complete metric d of X such that f is a
contraction of X?
If (X;P) is a multi-metric space, f : X  ! X is a mapping and x0 2 X
is a unique ﬁxed point of the mapping f, then, by virtue of the C.Besaga’s
theorem [7], on X there exists a complete metric d such that d(f(x);f(y)) <
r 1d(x;y) for all x;y 2 X. But, the topologies T (d) and T (P) may be
distinct.
6 Dilations of multi-metric spaces
Let (X;P) be a non-empty multi-metric space.
A mapping f : X  ! X is called a dilation if there exists a P-number
k = (k :  2 P) > 0 such that k 6= 1 and (f(x);f(y)) = k(x;y) for all
x;y 2 X and  2 P.
Any dilation is a uniform homeomorphism. Moreover, the inverse map-
ping f 1 : X  ! X of the dilation with the coeﬃcient k = (k :  2 P) is a
dilation with the coeﬃcient k 1 = (k 1
 :  2 P).
From Theorem 5.1 it follows
Corollary 6.1. Let f : X  ! X be a mapping, k = (k :  2 P)
be a P-number and k > 0, (f(x);f(y)) = kf(x;y) for all x;y 2 X and
 2 P. Then for any  2 P there exists a mapping f : X=  ! X= such
that (f(x)) = f((x)) and  (f(u);f(v)) = k (u;v) for all x 2 X and
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Corollary 6.1 permits to study the construction of the general dilation of
the multi-metric space. Let (X;P) be a non-empty multi-metric space and
k = (k :  2 P) > 0 be a positive P-number. Suppose that f : X  ! X
is a mapping and (f(x);f(y)) = kf(x;y) for all x;y 2 X and  2 P. We
put P0 = f 2 P : k < 1g, P00 = f 2 P : k > 1g and P0 = f 2 P :
k = 1g. If P0 6= 0, then we say that f is a general dilation. For any  2 P
consider the mapping f : X=  ! X=, where (f(x)) = f((x)) and
 (f((x)));f((y)) = k (x;y) for all x;y 2 X. If k = 1, then f is an
isometry of the metric space (X=;  ). If k 6= 1, then f is a dilation with
the coeﬃcient k.
Fix  2 P0. We put N(;f)(u) = f(u); S(;f)(u) = q(;f)(u) = u for any
u 2 X=.
Fix  2 P0. We put N(;f(u) = Q(;f(u) = u: S(;f) = f(u) for any
u 2 X=.
Now we consider the embedding eP : X  ! fX= :  2 Pg and the
mappings Nf(x) = e 1
P (N(;f)((x)) :  2 P), Sf(x) = e 1
P (S(;f)((x)) :
 2 P), Qf(x) = e 1
P (Q(;f)((x)) :  2 P).
The mappings Nf, Sf, Qf are homeomorphisms of the space (X;P) as-
sociated with the mapping f. By construction, we have the following four
properties.
Property 1. f = Sf Nf Qf = Nf Sf Qf = Qf Nf Sf = Sf Qf Nf.
Property 2. (Sf(x);Sf(y)) = (x;y) for any x;y 2 X and  2 P.
Property 3. (Nf(x);Nf(y)) = k(x;y) for any  2 P0 and (Nf(x);
Nf(y)) = (x;y) for any  2 P n P0 and all x;y 2 X.
Property 4. (Qf(x);Qf(y)) = k(x;y) for any  2 P00 and (Nf(x);
Nf(y)) = (x;y) for any  2 P n P00 and all x;y 2 X.
We say that Sf is the isometrically component of the mapping f, Nf is
the negative component of the mapping f and Qf is the positive component
of the mapping f.
Assume that P0 = ?, i.e. f is a dilation. In this case Df = Nf  Q 1
f
is a contraction mapping. By construction, Fix(f) = Fix(Df). Thus from
Corollary 6.1 it follows the next assertion.
Corollary 6.2. Let (X;P) be a sequentially complete multi-metric space
and f : X  ! X be a dilation. Then the mapping f admits one and only
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7 Dilations of E-metric spaces
Fix an m-scale E.
Let (X;d;E) be an E-metric space.
A mapping f : X  ! X is a dilation mapping if there exist an element
q 2 E(+;1) and an element k  0 such that q  k = 1 and d(f(x);f(y)) =
kd(x;y) for all x;y 2 X. Every dilation mapping f is a uniformly continuous
homeomorphism and f 1 is a contraction with the Lipschitz constant q 2
E(+;1).
From Corollary 3.2 it follows
Corollary 7.1. Let (X;d;E) be a sequentially complete E-metric space
and f : X  ! X be a dilation mapping. Then the mapping f admits one
and only one ﬁxed point b 2 X. Moreover, b = limn!1n(x;f 1) for any
point x 2 X.
8 On M-complete multi-metric spaces
We say that the pseudo-metric d on a space X is M-complete if it is contin-
uous, the metric space (X=d;  d) is complete and the sequence fxn : n 2 Ng
has an accumulation point provided limn!1d(x;xn) = 0 for some x 2 X.
Remark 8.1. The pseudo-metric d on a space X is M-complete if
and only if the metric space (X=d;  d) is complete and the projection d :
X  ! X=d is a continuous closed mapping with the countably compact
ﬁbers  1
d (u). Thus a space with a complete pseudo-metric is an M-space
[20]. The spaces related to M-spaces were studied in [4, 5, 9, 10].
A multi-metric space (X;P) is said to be an M-complete multi-metric
space if there exists some M-complete pseudo-metric d 2 P. Denote by s(P)
the set of all M-complete pseudo-metrics d 2 P.
Theorem 8.2. Any M-complete multi-metric space (X;P) is sequen-
tially complete.
Proof. Fix d 2 s(P). Let L = fxn 2 X : n 2 Ng be a fundamental
sequence. Since the metric space (X=d;  d) is complete, there exists a point
b 2 X such that limn!1d(b;xn) = 0. In this case F = fx 2 X : d(b;x) = 0g
and H = F [ L are countably compact closed subsets of the space X. Thus
the sequence fxn : n 2 Ng is convergent in the subspace H. The proof is
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Theorem 8.3. Let (X;P) be an M-complete multi-metric space, d 2
s(P) and f : X  ! X be a mapping with the properties:
1. (f(x);f(y)) < (x;y) for all  2 P and x;y 2 X;
2. There exists a positive number k < 1 such that d(f(x);f(y)) < k 
d(x;y) for all x;y 2 X.
Then the mapping f admits one and only one ﬁxed point b 2 X. More-
over, b = limn!1n(x;f) for any point x 2 X.
Proof. Fix a point x 2 X. Then fxn = n(x;f) : n 2 Ng is a d-funda-
mental sequence and there exists a point b 2 X such that limn!1d(b;xn) = 0.
In this case F = fx 2 X : d(b;x) = 0g and H = F [ L are countably
compact closed subsets of the space X. By construction, f(F)  F and
f(H)  H. Thus the mapping g = fjH : H  ! H satisﬁes the conditions
of Corollary 5.5. The proof is complete.
9 Locally convex linear spaces
Let L be a locally convex linear topological space. Then the topology of the
space L is generated by a family N = fn :  2 Ag of pseudo-norms. Any
pseudo-norm n generates the invariant pseudo-metric (x;y) = n(x y).
Thus any locally convex space can be studied as a multi-metric space.
We say that (L;N) is a multi-normed space. For any pseudo-norm  2 N
we have the linear mapping  : L  ! L= onto a normed space (L=;  )
and  (f(x)) = (x) for any x 2 L.
Consider the embedding eN : L  ! fL= :  2 Ng.
For any  2 N let g : L=  ! L= be a dilation with the positive coef-
ﬁcient k 6= 1. Then the mapping g : L  ! L, where g(x) = e 1
N (g((x)) :
 2 N), is a dilation with the N-coeﬃcient k = (k :  2 N). If the space
(L;N) is sequentially complete, then f admits one and only one ﬁxed point.
If N is a ﬁnite set then L is a normed space. In this case the mapping
f : L  ! L may be a dilation for a multi-normed space (L;N) and not a
dilation for a normed space L.
Example 9.1. Let E2 = f(x;y) : x;y 2 Rg be the Euclidean plane
with the norm k (x;y) k= (x2 + y2)1=2: On E2 consider the pseudo-norms
N = f1;2g, where 1(x;y) =j x j and 2(x;y) =j y j. Now we consider the
homeomorphism f : E2  ! E2, where f(x;y) = (k1x;k2y), 0 < k1 < 1 and
1 < k2. By construction, f is a dilation of the multi-normed space (E2;N).
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Let k1 = 2 1 and k2 = 2. Then:
1) f(2;1) = (1;2) and k f(0;0)   f(2;1) k=k (0;0)   (1;2) k=
k (0;0)   (2;1) k;
2) f(2;2) = (1;4) and k f(0;0)   f(2;2) k2=k (0;0)   (1;4) k2= 17 and
k (0;0)   (2;2) k2= 8;
3) f(1;2 2) = (2 1;2 1), k f(0;0)   f(1;2 2) k2=k (2 1;2 1) k2= 2 1
and k (0;0)   (1;2 4) k2=k (1;2 4) k2= 17=16.
10 Spaces with chainable pseudo-metrics
The method of construction of representations of a mapping f : X  ! X
proposed in Section 5 permits using eﬀectively the methods of the ﬁxed point
theory in metric spaces.
Fix an m-scale E. Assume that E as the lattice is lower reticulated, i.e.
every non-empty lower bounded subset B  E has the inﬁmum ^B in E.
A mapping d : X X  ! E is called a pseudo-metric over m-scale E or
an E-pseudo-metric if it is satisfying the following properties: d(x;x) = 0,
d(x;y) = d(y;x), d(x;y)  d(x;z) + d(yz;y) for all x;y;z 2 X. Every
E-pseudo-metric is non-negative.
Let d be an E-pseudo-metric on a space X. If a 2 E and x 2 X, then
B(x;d;a) = fy 2 X : d(x;y) < ag
The pseudo-metric d is continuous on X if the set B(x;d;U) = fy 2
X : d(x;y) 2 Ug is open for each U 2 N(0;E) and any x 2 X. The
pseudo-metric d generates on X the canonical equivalence relation: x  y
iﬀ d(x;y) = 0. Let X=d be the quotient set with the canonical projection
d : X  ! X=d and metric  d(u;v) = ( 1
d (u); 1
d (v)): Then (X=d;d;E) is
an E-metric space and the pseudo-metric d is continuous on X if and only if
the mapping d is continuous.
Let r 2 E. We say that the pseudo-metric d is r-chainable if for any two
distinct points x;y 2 X there exist n 2 N, U = U(x) 2 N(0;E) and a chain
x0;x1;:::;xn 2 X such that x = x0 2 B(x;d;U)  B(x;d;r), y = xn and
d(xi 1;xi)  r for each i  n. We say that x0;x1;:::;xn 2 X is an r-chain
between x;y.
If the space X is connected, the pseudo-metric d is continuous, r 2 E and
for any point x 2 X there exists U = U(x) 2 N(0;E) such that B(x;d;U) 
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Assume that d is a continuous r-chainable E-pseudo-metric on a space
X. For any two points x;y 2 X it is determined the element dr(x;y) =
^fd(x0;x1) + d(x1;x2) + ::: + d(xn 1;xn) : x0;x1;:::;xn 2 X is an r-chain
between x;yg.
Property 1. d(x;y)  dr(x;y) for all x;y 2 X. Moreover, if d(x;y)  r,
then d(x;y) = dr(x;y).
Proof. We have d(x;y)  d(x0;x1) + d(x1;x2) + ::: + d(xn 1;xn) for any
r-cain x0;x1;:::;xn 2 X between x;y. If d(x;y)  r, then x0 = x;x1 = y is
an r-chain between x;y.
Property 2. X=d = X=dr and the E-metrics  d and  dr on X=d are
equivalent, i. e. T ( d) = T ( dr).
Property 3. If the E-metric space (X=d;  d;E) is complete (sequentially
complete, respectively), then the E-metric space (X=dr;  dr;E) is complete
(sequentially complete, respectively) too.
Property 4. Let f : X  ! X be a mapping k 2 E and d(f(x);f(y)) 
k  d(x;y) provided d(x;y)  r. Then dr(f(x);f(y))  k  dr(x;y) for all
x;y 2 X.
From Properties 1 - 4 and Theorems 3.1 and 4.1 it follows.
Corollary 10.1. Let f : X  ! X be a mapping, k 2 E(+;1), r 2 E,
(X;d;E) be an r-chainable E-metric space and d(f(x);f(y))  k  d(x;y)
provided d(x;y)  r. Then for each point x 2 X the Picard orbit T(f;x) =
fn(x;f) : n 2 !g is a fundamental sequence of the metric space (X;d;E).
Moreover, if the space (X;d;E) is sequentially complete, then the mapping f
admits one and only one ﬁxed point b 2 X.
Corollary 10.2. Let (X;P) be a sequentially complete multi-metric
space, f : X  ! X be a mapping and for any  2 P there exist two positive
numbers r() and k() < 1 such that the pseudo-metric  is r()-chainable
and (f(x);f(y))  k() provided (x;y)  r(). Then the mapping f ad-
mits one and only one ﬁxed point b 2 X.
The Corollaries 10.1 and 10.2 for metric spaces were proved by M. Edel-
stein [11, 13, 17].
Example 10.3. Let A be an uncountable set. We put I = I = [0;1]
for any  2 A. Let Y = IA = fI :  2 Ag, ()A = ( =  :  2 A) 2 Y
and X = fx = (x :  2 A) 2 Y : the set f : x 6= g is countableg for any
 2 I. The subspace X is countably compact and dense in Y for any  2 I.
Thus X = X0 [ X1 is a countably compact space and X0, X1 are dense
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a topological semiﬁeld and an m-scale. By construction, X  IA  E. We
put d(x;y) = (jx  yj :  2 A) for any pair of points x = (x :  2 A) 2 Y
and y = (y :  2 A) 2 Y . Thus (X;d;E) is an E-metric space.
For any x = (x :  2 A) 2 Y ) we put SY (x) = (1   x :  2 A) and
SX = SY jX.
Obviously SY : Y  ! Y and SX : X  ! X are continuous involutions
and the space Y is compact. We have SY (Y ) = Y and SX(X) = X. The mapping
SY has a unique ﬁxed point (2 1)A. The mapping SX is without ﬁxed points.
11 Cauchy sequences of sets and mappings
A subset L  X is a bounded set if any continuous function f : X  ! R is
bounded on L. A space X is b-complete if the closure of any bounded subset
is compact. For any space X there exists the maximal b-complete extension
X = [fclXL : L is a bounded subset of Xg.
For any sequence fLn : n 2 Ng of subsets of a space X we put LimXfLn :
n 2 Ng = \fclX([fLi : i  ng) : n 2 Ng.
A sequence fLn : n 2 Ng of subsets of a space X is called a Cauchy
sequence if for any two sets A = fxi 2 Ani : i 2 N;ni < ni+1g and B = fyj 2
Anj : j 2 N;nj < nj+1g do not exists a continuous function f : X  ! R
such that A  f 1(0) and B  f 1(1).
For a mapping g : X  ! X and n 2 N we put g(1) = g and g(n+1) =
g  g(n). Then n(x;g) = g(n)(x).
Theorem 11.1. Let X be a b-complete space, g : X  ! X be a continu-
ous mapping and fg(n)(x) : n 2 Ng is a Cauchy sequence for any point x 2 X.
Then for any point x 2 X there exists a unique ﬁxed point b = b(x) 2 Fix(g)
such that limg(n)(x) = b.
Proof. If fFn : n 2 Ng is a Cauchy sequence of the space X, then:
- LimXfFn : n 2 Ng is a singleton;
- any sequence fxi 2 Ani : i 2 N;ni < ni+1g is convergent.
This complete the proof.
For any continuous mapping g : X  ! X there exists a unique continuous
extension g : X  ! X on the Stone-Čech compactiﬁcation X of the
space X. Let g = gjX.
Theorem 11.2. Let X be a space, g : X  ! X be a continuous maping
and fg(n)(F) : n 2 Ng is a Cauchy sequence for any non-empty ﬁnite set
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1. There exists a unique points b 2 X such that Fix(g) = fbg.
2. limn!1g(n)(x) = b for any x 2 X.
3. fg(n)(F) : n 2 Ng is a Cauchy sequence for any non-empty ﬁnite set
F  X.
Proof. Any continuous function f : X  ! R admits a continuous ex-
tension f : X  ! R.
Let x 2 X. Since fg(n)(x) : n 2 Ng is a Cauchy sequence, there exists
a unique point b = b(x;g) such that limn!1g(n)(x) = b. Then b(x;g) 2
Fix(g).
Suppose that b;c 2 Fix(g) and b 6= c. There exist two open subsets V
and W of X and two bounded subsets H and L of X such that V \W = ?,
b 2 clXH  V and c 2 clXL  W. There exist two sequences of open
subsets fVn : n 2 Ng and Wn : n 2 Ng of X such that b 2 clXVn+1 
Vn  V , g(Vn+1  Vn, c 2 clXWn+1  Wn  W and g(VW+1  Wn.
By construction, F = \fVn : n 2 Ng and K = \fWn : n 2 Ng are closed
G-subsets of X, g(F)  F and g(K)  K. Since the sets H and L
are bounded, b 2 F \ clXH  V and c 2 K \ clXL  W, there exist two
point x1 2 F \ H and y1 2 K \ L. We put xn+1 = g(n)(x1), yn+1 = g(n)(y1)
and n = fxn;yng. By conditions, fn : n 2 Ng is a Cauchy sequence. By
constructions, b(x1;g) 2 F and b(y1;g) 2 K. Then there exists a continuous
function f : X  ! R such that f(xn) = 0 and f(yn) = 1 for any n 2 N,
a contradiction. The assertion 1 is proved and the assertion 2 is proved for
any x 2 X.
For every point x 2 X and any open subset U of X we put i(x;U) =
supfn 2 N : g(n)(x) 62 clXUg.
Let U be an open subset of X and b 2 U.
Then i(x;U) < 1 for any x 2 X. We aﬃrm that i(x;U) < 1 for any
x 2 X. Let x 2 X and i(x;U) = 1. There exist an inﬁnite subset
M  N and a sequence fWn : n 2 Mg of open subsets of X such that
x 2 clXWm  Wn and U \ g(m)(Wm) = ? for all n;m 2 M and m < n.
Let F = \fWn : n 2 Mg. Then x 2 F, F \ X 6= ? and U \ g(n)(F) = ?
for each n 2 M, a contradiction. The assertion 2 is proved and the assertion
3 is proved for any non-empty ﬁnite subset F  X. The proof is complete.
One of the Meyers’ theorem [19, 17] one can formulated in the following
way
Theorem 11.3. Let g :: X  ! X be a continuous mapping of a metriz-
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1. For each positive number k < 1 there exists a metric d on X such
that T (d) is the topology of the space X and d(g(x);g(y))  kd(x;y) for all
x;y 2 X. Moreover, if the space X is complete metrizable, then (X;d) is a
completete metric space.
2. There exists an open subset U of X such that b 2 U and fg(n)(U);n 2
Ng is a Cauchy sequence.
From Theorem 11.3 it follows
Corollary 11.4. Let g : X  ! X be a continuous mapping of a space
X, b 2 X and g(b) = b. The next assertions are equivalent:
1. For each positive number k < 1 there exists a family of pseudo-metrics
P on X such that T (P) is the topology of the space X and d(g(x);g(y)) 
kd(x;y) for all x;y 2 X and d 2 P. Moreover, if the space X is complete
multi-metrizable, then (X;P) is a complete multi-metric space.
2. There exists a family of pseudo-metrics D such that:
- T (D) is the topology of the space X;
- if x;y 2 X, d 2 D and d(x;y) = 0, then d(g(x);g(y)) = 0;
- for any d 2 D there exists an open subset U(d) of X for which B(b;d;r) 
U(d) for some r > 0 and for each  > 0 there exists m 2 N such that
[fg(n)(U(d)) : n 2 N, n  mg  B(b;d;).
Example 11.5. Let X = RN, 0 < k < 1 and for any point x =
(x1;x2;:::) 2 X we put g(x) = (2 1kx1;2 2kx2;:::). Then:
- X is a complete metrizable space, a topological ring and a linear locally
covex topological space;
- fg(n)(F) : n 2 Ng is a Cauchy sequence for any non-empty compact set
F  X;
- for each positive number q < 1 there does not exist a metric d on X
such that T (d) is the topology of the space X and d(g(x);g(y))  qd(x;y)
for all x;y 2 X;
- on X there exists a complete invariant metric d such that T (d) is the
topology of the space X and d(g(x);g(y))  d(x;y) for all x;y 2 X;
- the mapping g is continuous;
- if dn(x;y) = jxn   ynj for all x = (x1;x2;:::) 2 X and y = (y1;y2;:::) 2
X, then P = fdn : n 2 Ng is a complete family of pseudo-metrics on X,
T (P) is the topology of the space X and dn(g(x);g(y))  2 nkdn(x;y) for
all x;y 2 X and n 2 N.Fixed points theorems in multi-metric spaces 67
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